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Abstract
We study static, spherically symmetric, and asymptotically AdS black hole spacetimes with matter distribution satisfying T t t = T r r . The first
law of black hole thermodynamics is checked. We show that the Cardy–Verlinde formula, which is supposed to be an entropy formula of CFTs
in any dimensions, is just a rewritten form of Einstein equations on the black hole horizon. Further, the entropy of dual CFT to the black hole
solution is found to indeed satisfy the Cardy–Verlinde formula and the energy of matter outside the black hole should be subtracted from the total
energy of the dual CFT in the Cardy–Verlinde formula. The implications of our results are discussed.
© 2006 Elsevier B.V. Open access under CC BY license.A remarkable property of black hole is that black hole is not
‘black’, but emits radiation like a black body [1]. The Hawk-
ing temperature is determined by surface gravity of black hole
and black hole entropy is proportional to horizon area [2]. It is
very interesting to notice that these thermodynamic properties
of black hole are completely fixed by geometric quantities like
surface gravity and horizon area, while the latters are governed
by Einstein equations.
Since black hole was found to be of thermodynamic prop-
erties like an ordinary thermodynamic system, people have
been speculating that there are some relations between ther-
modynamics and Einstein equations (determining the dynamics
of spacetime). Indeed, based on black hole thermodynamics,
’t Hooft [3] and Susskind [4] proposed the holographic princi-
ple of gravity, which says that independent degrees of freedom
of a gravitational system are proportional to its surface area,
not its volume. In particular, using the first law of thermody-
namics to all Rindler causal horizons through each spacetime
point, Jacobson [5] was indeed able to derive Einstein equa-
tions. Applying the first law of thermodynamics to apparent
horizon of Friedmann–Robertson–Walker (FRW) universe, we
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Open access under CC BY license.can derive the Friedmann equations governing the dynamics
of the universe [6]. Indeed more and more evidence has been
accumulated, which shows the close relation between thermo-
dynamics and Einstein equations, see, for instance, Ref. [7] and
references therein.
On the other hand, Verlinde [8] found that for a radia-
tion dominated FRW universe, the Friedmann equation can be
rewritten to the so-called cosmological Cardy formula, a same
form as the Cardy–Verlinde formula, the latter is an entropy
formula for a conformal field theory in a higher-dimensional
spacetime. Note that the radiation can be described by a con-
formal field theory. Therefore, the entropy formula describing
the thermodynamics of radiation in the universe has the same
form as that of the Friedmann equation, which describes the dy-
namics of spacetime. In particular, when the so-called Hubble
entropy bound is saturated, these two equations coincide with
each other [9] (for a more or less complete list of references on
this topic see, for example, [10]; see also [11] for a discussion
of the Cardy formula in a cosmological setup with cosmological
constant). Therefore, Verlinde’s observation further indicates
some relation between thermodynamics and Einstein equations.
More concretely, it reveals the relation between the entropy for-
mula of CFTs in the FRW universe and Friedmann equations
describing the evolution of the universe.
Suppose there is a CFT residing on an n-dimensional sphere
with radius R
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Verlinde argued that by generalizing the well-known Cardy for-
mula, the entropy of the CFT can be expressed by
(2)S = 2πR
n
√
Ec(2E − Ec),
where E is the total energy of the CFT and Ec is the Casimir
energy, nonextensive part in the total energy, which is defined
by Ec = n(E − T S + pV ) (note that when some chemical po-
tentials are present, the definition of the Casimir energy should
be generalized). While the Cardy–Verlinde formula is very in-
teresting one since the well-known Cardy formula holds only
in two dimensions, its validness should be checked. In the spirit
of the AdS/CFT (anti-de Sitter/conformal field theory) corre-
spondence, the thermodynamics of a certain CFT at high tem-
perature can be identified with the thermodynamics of the dual
black hole in AdS space. Therefore the Cardy–Verlinde formula
can be checked in the AdS/CFT correspondence. Indeed this
formula has been found to hold in various cases, for example,
Schwarzschild–AdS black holes [8], rotating Kerr–AdS black
holes [12,13], charged AdS black holes [14], Taub–Bolt–AdS
spacetimes [15], Kerr–Newmann–AdS black holes [16] and
Born–Infeld–AdS black holes [17], etc. Of interest is that simi-
lar formula also holds for CFTs dual to asymptotically de Sitter
spaces [18]. Clearly, these checks have been made in case by
case. On the other hand, these checks only show that this for-
mula holds for CFTs with AdS duals, while for weak coupled
CFTs this formula seems no longer valid [19].
In this Letter we would like to go a further step. On one hand,
we want to see the validness of the Cardy–Verlinde formula for
CFTs, which have gravity dual descriptions in the AdS/CFT
correspondence, as general as possible. On the other hand, we
are particularly interested in finding some relation between the
Cardy–Verlinde formula and Einstein equations together with
black hole horizon feature, like the relation between the first law
of thermodynamics and Einstein equations made by Jacobson
[5], or the relation between Friedmann equations and the first
law of thermodynamics [6]. In a word, the general aim of this
Letter is to add a piece of evidence linking thermodynamics and
Einstein equations.
Let us start with a general (n+ 2)-dimensional static, spher-
ically symmetric black hole spacetime
(3)ds2 = −e2δ(r)μ(r) dt2 + 1
μ(r)
dr2 + r2 dΩ2n,
where δ and μ are two functions of the radial coordinate r and
dΩ2n is the line element of an n-dimensional unit sphere with
volume ωn = 2π(n+1)/2/[(n + 1)/2]. The Einstein equations
with a negative cosmological constant Λ = −n(n + 1)/2l2 can
be written down as
(4)Rμν − 12gμνR −
n(n + 1)
2l2
gμν = 8πGTμν,
where G is the gravitational constant in (n+2) dimensions and
Tμν is the energy–momentum tensor of matter.
Suppose that δ is a continuous function of r , and set
(5)μ(r) = 1 − 16πGm(r)
n−1 +
r2
2 ,nωnr lwhere the mass function m(r) is a function of r only. For the
spacetime (3), the Einstein equations reduce to
(6)δ′(r) = 8πGr
nμ(r)
(
T t t − T r r
)
,
and
(7)n
2r
μ′(r) − n(n − 1)
2r2
(
1 − μ(r))− n(n + 1)
2l2
= 8πGT t t ,
or
(8)m′(r) = −ωnrnT t t ,
where a prime denotes the derivative with respect to r . Integrat-
ing (8) yields
(9)m(r) = M − m˜(r), m˜(r) = ωn
∞∫
r
rnρ(r) dr,
where ρ(r) is the energy density of matter and M = m(r)|r→∞
is an integration constant. Since the spacetime (3) is supposed to
be an asymptotically anti-de Sitter one, the integration constant
M is just the mass of the configuration. On the other hand, in
order the spacetime (3) to be asymptotically AdS, it can be seen
from (9) that the energy density ρ has to fall off at least as
(10)ρ ∼ 1
rn+1+
,
where  is a small positive quantity. For instance, for a Maxwell
field, one has Tμν = FμλFνλ − 14gμνF 2, where Fμν is the field
strength. Further, for the electric field produced by a static point
source with charge q , one has the energy density, ρ ∼ q2/r2n,
which satisfies the requirement (10). If the spacetime (3) de-
scribes a black hole, its event horizon is then determined by
μ(r)|r=r+ = 0. In order the horizon to be regular, we can see
from (6) that the following condition has to be satisfied
(11)T t t − T r r = 0,
on the horizon r = r+ because μ(r+) = 0, which implies that
the energy density of matter must equal to the radial stress on
the black hole horizon. For simplicity, in this Letter, we con-
sider the case with T t t − T r r = 0 in the whole spacetime.
(In general case, T t t − T r r = 0 holds only on the horizon,
see for example, haired black holes discussed in [20] and ref-
erences therein.) The static electric field discussed above in
the spacetime (3), for instance, satisfies this requirement that
T t t − T r r = 0 in the whole spacetime. To see this, let us note
that the only nonvanishing component of the Maxwell field in
this case is Ftr = qeδ/rn, where q is an integration constant
related to the electric charge. Therefore one has T t t = T r r =
−q2/(2r2n). This clearly satisfies the requirement (11). The
resulting solution of Einstein equations (4) is just the Reissner–
Nordström–AdS black hole spacetime. The charge q can be
explained as the R-charge in the dual CFT [21]. Here we also
mention that the Born–Infeld–AdS black hole solution also sat-
isfies the condition (11) [17].
With the condition T t t = T r r in the whole spacetime, we
have δ = const. Without loss of generality, we may take δ = 0;
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dinate time t . In other words, if T t t − T r r = 0 in the whole
spacetime, then δ must be a function of r .
The Hawking temperature of the black hole can be ob-
tained as follows. Analytically continuing the solution (3) to
its Euclidean sector by Wick rotation, requiring the Euclidean
solution to be regular on the horizon leads to a fixed period for
the Euclidean time. The inverse of the fixed period is just the
Hawking temperature. This is the well-known method to get
Hawking temperature of a black hole in the path integral ap-
proach of Euclidean quantum gravity [22]. Of course, we can
also obtain the Hawking temperature by computing the surface
gravity of the black hole. Both methods give the same result
TBH = 14π μ
′|r+
(12)
= −16πGr+ρ(r+)
n
+ 1
4πr+
(
(n − 1) + (n + 1)r
2+
l2
)
.
Since we are considering black hole solutions in Einstein gen-
eral relativity, the black hole entropy then obeys the area for-
mula. That is, the entropy of the black hole is given by a quarter
of horizon area
(13)S = ωnr
n+
4G
.
Further, the mass of the black hole can be expressed in terms of
the horizon radius r+
(14)M = nωnr
n−1+
16πG
(
1 + r
2+
l2
)
+ m˜(r+),
where
(15)m˜(r+) = ωn
∞∫
r+
rnρ dr.
Clearly here m˜(r+) is just the total energy of matter outside the
black hole horizon.
The first law of thermodynamics for black holes with matter
distribution outside the black hole can be written down as [23]
(16)dM = TBH dS +
∫
Σ
dn+1x
√−gδρ,
where Σ denotes the hypersurface with boundary consisting of
black hole horizon and spatial infinity. For our black hole solu-
tion, using the relation (14), we have
(17)dM = nωnr
n−2+
16πG
(
(n − 1) + (n + 1) r
2+
l2
)
dr+ + δm˜(r+),
with
(18)δm˜(r+) = −ωnrn+ρ(r+) dr+ + ωn
∞∫
r+
rnδρ dr.
On the other hand, using (12) and (13), the right-hand side of
Eq. (16) turns outTBH dS +
∫
Σ
dn+1x
√−gδρ
= −ωnrn+ρ(r+) dr+
+ nωnr
n−2+
16πG
(
(n − 1) + (n + 1) r
2+
l2
)
dr+
(19)+ ωn
∞∫
r+
rnδρ dr.
This showed that the first law of black hole thermodynamics
holds for our black hole solution.
Next let us consider the mass expression (14) of the black
hole. Multiplying both sides of (14) by a dimensionless factor
l/R, where R is a length scale, one can rewrite (14) as
(20)
2
(
M − m˜(r+)
) l
R
= 2nωnr
n−1+ l
16πGR
(
1 + r
2+
l2
)
≡ Ec + 2Ee,
where
(21)Ec = 2nωnr
n−1+ l
16πGR
, Ee = nωnr
n+1+
16πGRl
.
If we define further
(22)E = Ml/R, Em = m˜(r+)l/R,
then we find that Eq. (20) can be rewritten as
(23)S = 2πR
n
√
Ec(2(E − Em) − Ec),
where S is the black hole entropy (13). This is nothing but
the Cardy–Verlinde formula for a CFT residing on an n-
dimensional sphere with radius R. Compared to the standard
Cardy–Verlinde formula (2), a new term Em appears here. Its
meanings will be given shortly. Furthermore, it is quite inter-
esting to note that here we have only used the mass function
(14) in the deriving the Cardy–Verlinde formula (23), and have
not used any thermodynamic quantities such as temperature,
entropy, and pressure, etc. In other words, the Cardy–Verlinde
formula (23) is just a rewritten expression of the metric function
μ(r) on the horizon; the metric function μ of course satisfies
the Einstein equations (see (7)). Therefore, in our setup, the
Cardy–Verlinde formula is just a rewritten expression of the
Einstein equations on the black hole horizon. This provides
a relation between the entropy formula of CFTs and Einstein
equations in the setup of black hole spacetime. Note that in
the setup of FRW universe, the Friedmann equation can be
rewritten as the cosmological Cardy formula, which has a same
form as the Cardy–Verlinde formula, for details see [8]. The
difference between the cosmological Cardy formula and our
Cardy–Verlinde formula (23) is that the cosmological Cardy
formula always holds for whole evolution of the FRW universe,
while the Cardy–Verlinde formula holds only on the black hole
horizon, although both are rewritten expressions of Einstein
equations in different setups. In addition, let us stress that the
above discussions also hold for the case with Em = 0, namely
the Schwarzschild–AdS black hole spacetime. Finally, let us
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with E −Em > 0. To see this clearly, with the help of (22), (15)
and (9), E − Em = 0 corresponds to m(r+) = 0 (in this case
r+ = 0), which means that the solution is nothing, but a pure
AdS space; when E −Em < 0, it corresponds to a naked singu-
larity. In that case, there is no associated thermodynamics with
the gravitational configuration, therefore the above discussion
losses its meanings.
Next we consider the CFT dual to the AdS black hole solu-
tion (3) and show that the entropy of dual CFT indeed satisfies
the Cardy–Verlinde formula (23). The dual CFT resides on the
boundary of AdS space, whose metric can be determined by
the bulk metric, up to a conformal factor. According to the bulk
metric (3), the boundary metric can be written down as
(24)ds2CFT =
R2
r2
lim
r→∞ ds
2 = −R
2
l2
dt2 + R2 dΩ2n,
where R is a length scale. Rescaling the time coordinate
Rt/l → τ , the boundary metric (24) is then the same as the
one introduced in (1), which implies that the dual CFT resides
on an n-dimensional sphere with radius R. Due to the rescaling
of the time coordinate, with help of the AdS/CFT correspon-
dence, the dual CFT has energy E and temperature T
(25)E = l
R
M, T = l
R
TBH.
And its entropy is just the black hole entropy S given in (13). In
addition, let us stress here that for the black hole solution (9),
there is an energy contribution from matter outside the black
hole. This part of energy should be subtracted in the dual CFT
thermodynamics, as noted for the charged black hole discussed
in [14]. In the dual CFT, this part should be rescaled as Em =
lm˜(r+)/R like the total energy. Thus by definition, the Casimir
energy of dual CFT is
(26)Ec = n(E − Em + T S − pV ).
Note that we are considering CFTs, for which the pressure has
the expression p = (E −Em)/nV . Using (25), we find that the
Casimir energy is
(27)Ec = 2nωnr
n−1+ l
16πGR
,
which is just the one defined in (21). The extensive part of the
total energy, by definition [8], is Ee = (E − Em) − Ec/2, and
has the expression in (21) in terms of black hole horizon radius.
Then the entropy S of dual CFT has the form
(28)S = 2πR
n
√
Ec
(
2(E − Em) − Ec
)
.
Thus we showed that the entropy of CFTs dual to AdS black
holes with matter distribution outside black hole can be ex-
pressed by the Cardy–Verlinde formula. One point which
should be stressed here is that the matter energy outside the
black hole should be subtracted from the total energy of the
dual CFT. In addition, let us stress that for a pure AdS black
hole (Schwarzschild–AdS black hole), the term Em will be
absent in formulas (23) and (28); for AdS black holes withmatter outside horizon such as Reissner–Nordström–AdS black
holes, a term Em will appear (see for example, [13,14]). Of
course, both of them asymptotically approach to the AdS space
at the infinity, but their thermodynamics is different, although
we have used here the same notations like entropy S, energy
E and Casimir energy Ec. The different thermodynamics is
determined by the different horizon radius r+, which is given
by Eq. (14). As a result, when matter appears outside an AdS
black hole, the thermodynamics of the AdS black hole will be
changed. Accordingly, the thermodynamics of dual CFTs also
will be changed.
In summary we have studied static, spherically symmet-
ric, and asymptotically AdS black hole spacetimes with matter
distribution satisfying T t t = T r r . The first law of black hole
thermodynamics have been checked. We have shown that the
Cardy–Verlinde formula, which is supposed to be an entropy
formula of CFTs in any dimensions with AdS duals, is just a
rewritten form of Einstein equations on the black hole horizon.
Further, the entropy of dual CFT to the black hole solution has
been found to indeed satisfy the Cardy–Verlinde formula. In
addition, it has been found that the energy of matter outside
the black hole should be subtracted from the total energy of the
dual CFT in the Cardy–Verlinde formula. Note that in the setup
of FRW universe, Verlinde observed that the Friedmann equa-
tion can be rewritten as a cosmological Cardy formula [8], and
the Friedmann equation can also be derived from the first law
of thermodynamics [6], this note can be viewed as a piece of
further evidence that there is some relation between thermody-
namics and Einstein equations. It would be interesting to extend
this work to more general case, for example, the case without
restriction T t t = T r r , and to collect more evidence in order to
reveal the deep relation. It will be very helpful to further under-
stand the holographic principle of gravity.
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